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(c) And so on for all other values of p, q, and m. 



Mr. Gruber sent in three different solutions, and Mr. D. B. Northrup, of Mandana, N. Y. , sent in 
the results for tracts in the form of (1) circle, (2) square, (3) rectangle sides as 2:1, (4) a triangle ratios of 
side 6:6:7, and (5) an ellipse haying a major-axis double the minor-axis. N Other very simple solutions of 
the problem are possible when the tract is in the shape of a square, but the solutions above are quite suf- 
ficient for all purposes. Ed. F. 

186. Proposed by F. M. PRIEST, Mona House, St. Louis, Mo. 

What is the size of the smallest cubical box, inside dimension, that will contain four 
balls each ten inches in diameter? 

Solution by H. N. DAVIS, (Brown University), 169 Brown Street, Providence. B. I. 

Let the base of the box be of such a size that two of the balls when placed 
with their centers along a diagonal will be tangent to each other and to the sides 
of the box. Let their centers be C and C", the diagonal AD, and the center 0. 
Draw BC perpendicular to AE. Then AB=BC=r=5. 
.-. AC-=5i/2. 

AO=5 v /2+00=5 ] /2+r=5 l /2+5. 
AD=10(l+i/2)= l /2AE. 
4.12=5^2+10=17.07106 inches (nearly). 
If the second layer of two balls be placed along the other diagonal 
(at M-\-M') the position of M with reference to C and the side AF considered as 
a base will be exactly the same as that of C and C with reference to AD. The 
figure may then be taken as an elevation and the height of the box will be exact- 
ly equal to its base-edge, and the box will be a cube. Q. E. D. 

Good solutions were received from PBOF. J. M. STRASBURa, Chicago, 111., D. B. NORTHBXJP, 
Q. B. M. ZERR, and M . A. GRUBER. 



ALGEBRA. 

118. Proposed by COOPER D. SCHMTTT, A. H., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 

In Hall and Knight's Higher Algebra I find the following : 

If a+6+c=0, then 

gi-\-b S +C S _ a 3 +b 3 +C 3 a % +h 2 +c 2 a 1 + ft7_|_ c t __ ffl 5_|_i ) 5-|. c g q8 +&2 + C 8 

5" _ 3"2' 7 ~ 5*2' 

and if a -j-b+c + d=(y, then 

a 5 +& 6 +c6+d« a3 + 6»+c 3 -fd 3 a 2 +b 2 +c 2 + d* 



5 3 ' 2 

Query. Is there a general law governing such expressions ? Investigate. 

I. Solution by HARRY S. VANDIVER, Bala, Montgomery County, Pa. 

Consider the following general equation with its second term missing, thus 
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f(x)=x n +m 11 x n -" l —m a x n - 3 m n _ia;+( — l)"m„=0 (1). 

Suppose the roots of this equation to be a,, a 3 , a 8 , ... .a n . 

a;— aj a;— « g a;— a 3 a;— a„ 

[JTaW and Knight's Higher Algebra, page 468.] 
Divide (1) by a;— a,, 

f(a;1 

■' ' ==a; re - :l + a 1 a^- 2 +(mg+», 2 )a^- 3 — (m 3 — o.,m 2 — a, 3 )a; n -* ; 



a;— »j 
the general term being 

(-lyOv-a,™,-! ( — l) r o,'- a m a -+ ( — l) r a 1 r ]s B -< r + 1 >; 

and similar expressions for 

f(x) f(x) fix) 

x—a 2 x—a z "''x—a n ' 

Finding the value of the right-hand member of (2) by addition of the ex- 
pressions just obtained, and adopting the notation 

S _a, h +a 2 h ....a n h 
h ~ h 

we get, f(x)=nx n - 1 +m !S (n— 2)a; m - 3 — m s (n— 3)ai"- 4 m„_2a;+( — l) n_1 m n -i 

=nx n ~ 1 + (nm t +2S t )x n - 3 — (nm 3 - 3S i )x n - i + (nm 4 +2m i S !i +4S i )x n - ti ; 

the general term being 

(-l) r [nm r +2m P -»S !! -3»n r _«Sg . . . .(-l) r (r-2)m g S r _ 2 +(-l) r rS r ]. 

Whence, by equating coefficients, and solving for m 2 , m 3 . . .m n -i) we obtain, 

m 2 =S 2 . . . .(5); m 3 =S s . . . .(6); W i 4 = ~ (2m '^ +4g « ) .. . .(7); 

_ -(2i»,g,-3»,g < -5g,) 
m 6 — g (.8), 

and in general, 

_ -[2m r _ 2 g 8 -3m;_3g 8 . . . .(-iy(r- 2)m t g t ^+(-l) r fg r ] , Q , 
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Multiplying (1) by x k ' n , we have 

x*+m 2 x k - 2 — m i x k ~ z ( — \) r m 1 x k - r (— l) fl m B x fc -»= 0. 

Substituting a 1 , a 2 , a 3 a n each separately for x, and adding the iden- 
tities thus obtained, we have 

kS t +(k-2)m. i S k ^-(k-3)m !i S k - S . . ..(-l) r (i-r)ro^. . . .(-1)". . . .(10). 

(fc— n)wi„Sk_ n =0. 

By substituting the value of m 2 in (7) we obtain S^/2—S i =m i . 

In like manner, by successive substitutions, m 5 , m 6 m»-i can be ob- 
tained in terms of S s , S g . . . .S n —i. 

Hence by substitution in (10) we may obtain a relation satisfying the con- 
ditions of the problem, for any positive integral value of n. 

When n=3, 

kS k ={k-2)S l fffc_a+(i-S)ff,0ib--8; 
putting &=5, then S 5 =S 3 XS 2 ; when k—7, then 5 7 =5' e XS 2 . 

When m=4, 

kS k =(k-2)S 2 S k - 2 + (k-3)S 3 S k -. 3 +(k-4)(S i -S*/2)S k - i ; 
putting k=5, S S =S 3 x8 2 . 

When n—5, we have 

kS k -a-2)8 i 8 k ^-(k-3)8 i 8 k - 3 +(k-4) 

(8 2 s /2-8 i )8 k - i -(8 s -8 2 8 i ){k-5)8 k ^^--0. 

II. Solution by EOBEET B. HA7WAED, Ashcombe, Shanklin, Isle of Wight. 

8 r denotes a r +b r +c r . 
Then 8 i =a+b + c=0. 

8 2 =a 2 +b 2 +c i =-2(bc+ca+ab). 

S 3 =a 3 +b 3 +c*=3abc. 
Hence a, b, e are the roots of the equation. 

8, 8, 



.x—^-=0. 



8 8 

Substitute a,.b, c successively for x, and add, then 
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8 8 
8 n „— .8 n -2 ^— .o m _3=0. 



Whence S n is determinable in powers of —^- and — —-. 



8 * « ■ |_.^ =fy83 . (S2) or-^ = -^.^ 



Hence «, —^-^,+-^-.5, =^,.5,, or -^ = 



«,_4-.«. + 4-.«.>f Jl+ 4-(4.) =5(4-)?^ + 2 .^(i) 



7 ~ "5 * 2 ' 
It also follows that 



•^+>m°'(m+*m 



a 9 9 

The form of the expression for — - (putting a it a g for-^- 5 .-^) is 

continued as far as the indices remain positive. 
If n is of the form 6m, p=2m, q=0. 

6m— 1, p=27n— 1, f/=l. 
6m+l, p=2m— 1, ?=2. 
6m— 2, p=2m — 2, q=2. 
6m+2, p—2m, q=l. 
6m— 3, p=2m — 1, q=0. 

III. Solution by 6. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 

(1). Put a-\-b-\-c=0=p, ab+ac+bc=q, abc=r. 

Then {l+ax^l+bx^l+cxy^l+px + qx 2 + rx*=l + qx i +rx* . 

Taking logarithms and equating the coefficients of x n , we have 

( i ■»»— i 

— (a"-\-b n + c n ) for the coefficient equal to the coefficient ol x n in 

n 

(qx 2 4-ra 8 ) — hqx 2 +rx & )+ ±{l/n){qx*+rx 8 ) n 

Let «=2m+l and 2, respectively, and we get, 
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_(<j2m — li_J2m— l_|_ fi 2»»— l'v^— q: q»h— 2 j. 



2m — 1 

a 2m+l_|_ J2m+l_(_ ( .2m+l a 2 " 1-1 + ft 2 " 1- l-LgSm-l «S i £,2 -f-« B 

' " 2m+l ~ 2?»— 1 ' 2 " 

When m=2, 3, we get the results in the problem. 

(2). Similarly, {l+ax)(.l+bx)(l+cx)(l+dx)=l + qx !! +rx 3 +sx i . 

.-. '- — (a n + b n +c n +d n ) is equal to the coefficient otx n in 

(qx s +rx i +sx i )—i(qx i +rx !i +sx i ) s + ±(l/n)(qx*+rx s +sx i ) n . 

.•.As before 

rt 2m+l_l_J ) 2m+l_|_ ( ;2m+l_(_ ( £2m+l rt 2m— l_|_J,2m-l_|_ c 2m— l.L^m— 1 a & _|_ 58 — I— C s +d 8 



2m+l 2m-l ' 2 

The same reasoning will lead to the following : 

a 2m+l + {,2m-)-l + _f_jfc2m+l^ a 2m-l + {,2m-l_|_ . . . +P"- 1 fl. 2 +6 2 + + ifc 2 

2m+l — 2m^l ' 2 

Also solved by J. M. BOOBMAN, J. SCHEFFER, and the PBOPOSEB. 



GEOMETRY. 

139. Proposed by B. F. FINKEL, A. M., M. Sc, Professor of Mathematics and Physics in Drury College, 
Springfield, Mo. 

If x 8 + j/ s =l [a; and y being points corresponding to complex numbers], 
prove that x and y are at the ends of conjugate radii of an ellipse whose foci are 
±1. [From Harkness and Morley's Introduction to the Theory of Functions. ,] 

Solution by J. W. YOUNG, Oliver Fellow in Mathematics. Cornell University, Ithiea, N. T„ and FBANK 
GIFFIN, Assistant in Mathematics. University of Colorado, Boulder, Col. 

Let x=h-\-ik, j/=m+tn. 

The condition x*-\-y i = l. gives on equating real and imaginary parts, 

h*+m* -k*-n*=l ... (1), hk-\- mn=r-0. . . .(2). 

Now if the points (h, k) and (m, n) are the extremities of conjugate radii 
of an ellipse, we may write 



k--^h 



acosfi f ra=«sin^ ), , . t ,,. . 

teiu* 1 « = -&«»* } <"' h ^mi-axes of ellipse). 



